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Separation from a smooth surface in a slender conical flow
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SUMMARY

High Reynolds number flow of an incompressible fluid past a smooth surface in a slender conical flow is con-
sidered. Attention is focused upon the flow properties in the neighbourhood of the separation line. The ana-
lysis incorporates the results of a recent inviscid-flow investigation by Smith [1], and the ideas of Sychev [2]
for flow separation in two dimensions.

1. Introduction

In this paper we consider the nature of the high Reynolds number flow in the neighbourhood
of the separation line on a smooth surface in a slender conical flow. The analysis is based upon
an inviscid model of the flow proposed by Smith [1], and incorporates the ideas developed by
Sychev [2] for the high Reynolds number flow close to a separation point in two dimensions.

The separation phenomenon in a conical flow differs from that in two dimensions in that for
the latter a closed separation bubble is formed when the flow is steady in which the total head of
the fluid is very much less than in the stream outside. The ‘open’ type of separation associated
with conical flow is also a much more stable phenomenon than the closed-bubble separation
of two dimensions.

A frequently encountered type of separation in conical flow is the separation from a salient
edge, as in leading-edge separation. In such a flow the separation line is pre-determined, and for
an inviscid fluid the separating flow may be modelled using an infinite spiral vortex sheet
springing from the edge. Successful numerical calculations have been performed, originally by
Smith [3], using such a model in which the vortex sheet forms a stream surface of the flow and
across which there is no jump in pressure; in addition a Kutta condition is applied at the edge.
Separation in a conical flow can also take place away from salient edges, for example primary
separation on a circular cone at incidence or the secondary separation beneath the primary
vortex on a delta wing. In each of these cases the separation takes place from a smooth surface
and, in view of the success experienced with the leading-edge vortex flow, it is natural to
enquire whether or not a theory for separation from a smooth surface can be developed from
an inviscid model based upon an infinite spiral vortex sheet originating at the separation line.
For such a model the separation line must be fixed by viscous considerations. Nutter [4] has
enjoyed partial success in his calculations of the secondary separation from the surface of a
slender delta wing. In these calculations the secondary separation is fixed and the inviscid-flow
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characteristics evaluated; the boundary layer on the wing surface is then investigated numerical-
ly. The position of the separation line for the inviscid flow is systematically changed until it
coincides with the separation line predicted by the boundary-layer calculation. Nutter ob-
serves from his calculations that separation of the flow takes place just beyond the pressure
minimum following a small but sharp rise in pressure. However it should be noted that there is
only poor numerical resolution close to the separation line in both the inviscid and viscous parts
of these calculations.

It is clear that for a further understanding of these separated flows a more detailed knowl-
edge of the flow field close to the separation line is required. Smith [1] has recently carried out
a detailed inviscid analysis in the neighbourhood of the separation line at which a vortex sheet
leaves the smooth surface. He finds a solution in which the vortex sheet has infinite curvature
and in which the pressure gradient becomes infinite as separation is approached. In this respect
the flow properties are similar to those in the classical two-dimensional Kirchhoff model of
separated flow. Smith also discusses another solution which does not exhibit this singular
behaviour, and which is analogous to inviscid smooth separation in two dimensions (see for
example Thwaites [5]).

The inviscid solutions of Smith provide the starting point for the high Reynolds number in-
vestigation of this paper in which we consider the slender conical flow along a plane wall with
flow separation taking place along a conical ray. It is first shown that the singular inviscid solu-
tion cannot be consistent with classical boundary-layer theory. Following Sychev [2] we then
postulate, as the basis for a self-consistent theory, that the singular solution incorporates a
multiplicative constant O(R'TIS) where R = UR/v is the Reynolds number. Here U is the free
stream speed, ¢ a length and » the kinematic viscosity of the fluid. We assume R > 1, and
develop a theory appropriate in the formal limit R -» e, In the inviscid limit R = eo the singular
solution referred to above does not feature.

Because the changes which take place normal to the separation line in this slender conical
flow are very rapid, compared with those parallel to it, the flow structure exhibits many of the
features of a two-dimensional flow. Sychev [2] has considered the two-dimensional case and our
development closely parallels his work. Thus we identify three distinct regions in the flow,
namely the pre-interaction region, the interaction region itself in which separation takes place
and the post-interaction region. In the first of these regions the classical boundary layer dev-
elops in a pressure gradient which becomes very Targe. The boundary layer then exhibits a
double structure as the inner parts respond to the rapid changes in pressure. This region
matches with the interaction region in which the solution exhibits a triple-deck structure (see
for example Stewartson [6]), and in which the two-dimensional calculations of Smith (7],
predicting separation, can be incorporated. The final region downstream from the interaction
region has itself to be divided into three parts. There is a boundary layer at the wall, a shear
layer centred upon the vortex sheet and a further adjustment region in order that a satisfactory
match with the triple-deck can be made. The flow in this post-interaction region is more com-
plicated than in two dimensions. This is because the ‘dead-air’ region of two dimensions is
replaced by a region in which the fluid velocity is the same order of magnitude as that upstream
of separation.

We note finally that the inviscid ideas of [1] have been extended by Smith [8] to three-
dimensional flows. He also shows that the triple-deck structure is appropriate close to the
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separation line. Although, in a sense, the slender conical flow is a special three-dimensional flow
it is worthy of a discussion in its own right because the inviscid flow beyond separation is locally
determined. This is not so in a general three<dimensional flow. Thus a more complete theory
can be developed for the case of the slender conical flow.

z

Figure 1. The inviscid separating vortex sheet and co-ordinate system.

2. The inviscid solution

With reference to the cylindrical polar co-ordinate system of Fig. 1 the body shape considered
is the plane wall z = 0 which extends laterally to infinity, and is parallel to the undisturbed flow
which is a uniform stream with speed U in the direction § = 0. The flow is assumed to be
conical, and only highly swept separation lines are considered so that slender-body theory is
applicable. Smith [1] has considered the ‘open’ type of separation, in the inviscid limit R = o,
in which the separated flow is modelled by a slender conical vortex sheet which springs from
the separation line § = 0. In particular, close to the separation line itself, Smith assumes that
the shape of the vortex sheet in any surface = constant is given by

z~u6 - 0,)", 2.1

where n is a parameter to be determined. If n = ;(ZM + 3) he demonstrates that the vortex
sheet boundary conditions are satisfied, that is there is no jump in pressure across the sheet
which itself forms part of a stream surface, if M =0 or 1 corresponding ton = % ,% respectively.
He further conjectures that these conditions will satisfied for the complete set of values of n
givenbyM=0,1,2 ...

If we let £=0 — 6 then we refer to £ <O as the upstream side of the separation line and
£> 0 as the downstream side. Smith shows that the surface velocities and pressure gradient
upstream of separation in this conical flow, made dimensionless with U and pU? respectively
where p is the fluid density, are given forM =0and | £| <1 by

Journal of Engineering Math., Vol. 13 (1979) 75-91



78 N. Riley

Vr = 1 + O(E)s
Ve=co + c,(—E)% +0(%), 22)
op

P _Leoer (-5 +0(1),

where V, VE are the r- and £-components of velocity respectively, and cq, ¢, are constants, The
singular behaviour of these quantities is analogous to the behaviour close to separation in the
Kirchhoff free-streamline flow in two dimensions. Smith observes that for M =1 the flow
variables exhibit no such singular behaviour. Downstream of separation the flow shows no
singular behaviour regardless of the value of M. Thusfor0 <§ < 1

V,=1+0(),
__ 4 2
Vo= gst + 06, @3)
op 42M+1) 2
oM Divow),

In the remaining sections of this paper we shall examine the consequences of the predictions
of inviscid theory, outlined above, for high Reynolds number flow. In particular we shall argue
that the singular solution corresponding to M = 0 is suppressed in the formal limit R - oo,

3. Boundarylayer analysis

With the inviscid flow determined, as described in Section 2, it is important to ensure that this
is consistent with a high Reynolds number viscous-flow analysis. In particular viscous-flow
separation must take place at 6 =9, in Fig. 1. It is natural therefore to carry out a classical
boundary-layer analysis and it proves convenient to employ the reduction of the boundary-
layer equations used by Brown [9] for conical flow. Thus we first introduce a dimensionless
co-ordinate normal to the boundary as

1 1
¢=R*z/(rQ)*, 3.D
and if (V,, V, V,) are the dimensionless components of velocity we define

1
2

V,=R*V,0/0)". (32)

Following the introduction of these variables all flow properties are independent of r in our
conical flow, and if we write
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_as _i,l/_
e=gp Vet (33)
D ?
V. —%fng— 35— a;j

then the boundary-layer equations may be written as

(3 B\ s Ay s _(aw)2_a3s
(s+82)8§2+8§@ AT

3 Y\ *y  dy 3%y ayds _ dp | %y
(‘” )a_{fJ’fasaf*af A A TR

(3.4)

27 8t

With the pressure gradient as in (2.2) for the case M =0 we now carry out a local analysis,
close to separation, in the spirit of Goldstein {10], Stewartson [11] and Brown [9]. In order to
retain a balance between pressure, viscous and inertia terms in (3.4) we write

3
g

A=(-8)*, 1=(cocs) tN,
with
Y~ @oe) N B, s~(coc) Boln) ash0. (3.5)

The functions f,, g, then satisfy

‘*-I
m...

with £ (0) = £(0) =Z0(0) = £4(0) = O together with f,"(0) =0, since the transverse skin friction
vanishes on the line £ =0, and the condition that fo, go are not exponentially large as n —» oo,
From the equation for fo we see that fo has the properties that

- 1
fy ~an’® as n oo, a const,

Il =1 n+0@), n<l.

(3.6)

Equations (3.6) imply that f;,'" vanishes for some value of n and we suppose that it vanishes for
the first time at n =7n, where we require fol v(no) < 0. Differentiating the equation for f; once
with respect to n gives

riv 5 m 1
fo = 5 Hfe + 3

sn!
Ey

3.7
and since fo(no), fo(no), F'(m0) >0, F"(n6) =0 we deduce that Figd (no) > 0 which gives a
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contradiction. On the basis of this analysis we deduce that the local high Reynolds number
flow is not consistent with the inviscid flow described in Section 2. We note that for ¢; =0(1)
no matter how small, the pressure gradient of (2.2) is infinite at £ = 0 and we might intuitively
expect the viscous flow to separate at some £ < 0. In the next section we show how the ideas
introduced by Sychev [2] for two-dimensional flow can be employed in our conical flow situa-
tion to describe the viscous-inviscid interaction which takes place in the neighbourhood of the
separation line.

4. Interaction theory

The situation in Sections 2 and 3 is analogous to that for two-dimensional flow in which the
Kirchoff free-streamline theory describes the inviscid separated flow. Sychev [2] has developed
a self-consistent analysis for two-dimensional flow in which the coefficient of the singular term
in the pressure gradient is not independent of Reynolds number but is vanishingly small as
R — o, We adopt the approach of Sychev here and assume that the constants u, ¢, in (2.1),
(2.2) are both O(R'%), specifically we write ¢, —R'%z,. As in the case of two-dimensional
flow this leads to a self-consistent theory as set out below.

The interaction analysis is centred upon the triple-deck theory introduced independently
by Messiter [12] and Stewartson [13]. The triple-deck is preceded upstream by a pre-inter-
action region, which itself exhibits a double structure, and is followed by a post-interaction
region which must be studied in several different parts. Figure 2 shows a schematic representa-
tion of the situation. The post-interaction region differs in a conical flow from that in a two-
dimensional flow. In the latter case, as we proceed beyond separation, we move into what
is essentially a ‘dead-air’ region. For the conical flow under consideration here the separation
is of open type and so beyond separation the flow velocities are O(1) in contrast to the much
smaller velocities anticipated in a closed separation bubble.

We now discuss the pre-interaction, triple-deck and post-interaction regions separately.

Figure 2. The flow region under consideration. 1 Pre-interaction region, 2 Triple-deck region, 3 Post-inter-
action region. The post-interaction region itself consists of 3(i) the shear layer, 3(ii) the boundary layer and
3(iii) the adjustment region. § denotes the separation point and the separating vortex sheet of the inviscid
flow is denoted thus — X —— X — X ——.
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4.1, Pre-interaction region

With 9p/d¢ from (2 2), given by

0 L. -1 L
_a.% =ap + 3 R7%coé1(~8) "+ OR™), (4.1.1)

we have a situation in which, as separation is approached, the boundary layer is developing in a:
prescribed pressure gradient ap. For the boundary-layer solution we write

V=oE, )+ R ¥ 4,0 +0R ),

L , (4.12)
s = 505, ) +R" 515, +OR?).
The leading terms Y, 5o in (4.1.2) may be expanded as series close to £ = { = 0 in the form

ll/o = aofz + aI§'3 +a3§'5 + ... + E(bo{z + ..., ),
So=Aot? + A58 + ... .. +EBE+ .. ... ),

(4.13)

where, from equations (3.4), the unknown constants are determined in terms of A, 2o and ¢ as

1 b = 6(”3 —Aoao

a; = —Qp, - s
e e 20 (4.1.4)
5. _ 308045 + 245 + 302045 + 2045 o
0 — ag ]
and so on.

Now, the second term of (4.1.1) which corresponds to a very rapid change in pressure as
| £] -0 will bring about modifications to the leading term in the solution. In particular, as we
might suppose, the inner region of the boundary layer develops its own structure in response to
this rapid pressure variation. Thus in a region which is of thickness O (| ¢ I%) as £ » 0— we write

na r)-c°c‘ 5" i),

s1(8,8) = MM‘G%)gm) (4.15)
where

n=ag (-8 "

From (3.4), (4.1.3) and (4.1.5) we see that £, g satisfy

2 el -
(4.1.6)
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The only property of the solution of these equations which we shall require is that as 7 — o

f~a E +a,m,
noToan .17

3
g~fn’ +agm,

where a, § and a, are constants. These asymptotic forms provide the matching condition required
for the solution in the outer part of the boundary layer. We do not investigate this outer solu-
tion further but we shall incorporate (4.1.7) into the matching associated with the triple-deck.

We note that in this inner region the leading terms of each of y/q, 5o are O(('—E)l3 n?) and so
from (4.1.2) and (4.1.5) we see that the perturbations in the expansions (4.1.2) in this lower
region are comparable with the leadings terms when [ £ | = O(R B ); this is the natural emergence
of the triple-deck transverse length scale. Furthermore when |£| = O (R '%) we see from (4.1.5),
that in this lower region, where 1 = O(1) we have §‘=0(R._% ). This is the scale normal to the
wall of the lower deck in the triple-deck and shows how (4.1.5) merges into the lower deck of
the triple-deck structure,

In Section 4.2 we consider the triple-deck and we note that because of the rapid variation in
pressure which is predicted close to the separation line, and normal to it, the triple-deck is quasi
two-dimensional. It is therefore possible to base the analysis on the two-dimensional theories
of Messiter [12], Stewartson [6], [13] and Sychev [2].

4.2. The triple-deck region

This central interaction region, as we have already noted, has transverse length scale O(R B ).
The analysis incorporates the triple-deck structure and we now examine in turn the main, lower
and upper decks shown schematically in Fig. 2. We note that the essence of the interaction is
the coupling between the upper and lower decks in which the solution cannot be determined
independently.

(i) The main deck

The main deck plays a relatively passive role in the interaction and represents a continuation of
the oncoming boundary layer. Thus in the main deck { =0(1),£ =0OR 3 )and we introduce a
new variable

g* =R 3¢, @2.1)
-1
We expand the solution in the main deck in powers of R * as

V=) +R F P@) +R F (%, 0+ OR ),

., *1 L (422
s=500(§) + R s5100) + R *s5,(8*,0) + OR ™),

where Yoo, Y10, Se0, S10 are the leading terms, with respect to the variable £, in (4.1.2). We note
from (4.1.3) and (4.1.7) thatas { - O
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2
Yoo ~aol?, S0 ~ Aot?,

423
Vio ~ cOclag-% o ~ AgcoliB 5‘% ( )
10 20% > 10 Za% .
0 0
The equations satisfied by ¥/, , s, are the inviscid equations
oo 8 s 0 Yoo _
af  ok%r  oE* g’ ’
42.4)
Yoo Yy  3Yy azSoo=0 (
ot ok*at  oE* a¢’ ’
and from these equations we may deduce that
alpoo asco
= A(g* = A(£%) =20 425
123 (&) K $2 (&% a ( )

where A(£*) is a displacement function which is, as yet, undetermined. To proceed further we
must consider the flow in the lower deck.

(ii) The lower deck .
As we have already noted the thickness of the lower deck is O (R ®). In addition to (4.2.1) we
therefore introduce the new variable {, where

-1

¢ =R, (4.2.6)

and in order effect a match between the oncoming flow and the lower deck it is necessary to

introduce new variablesp, ¥, s, as

Bl

p.=R*@P-po), ¥ =R"Y, s =R"s (4.2.7)

Substituting (4.2.1), (4.2.6) and (4.2.7) into (3.4) shows that P, lp* and S, satisfy

v, 2y, oy, Y dp, | 3y
—_— — & * = - __ % 4 *
a, oF*as, OFF ofF dg* - 9g?
0y, s, oy, s, _ s,

of, 0f*at, 0k* 9g,2 ot

The boundary conditions to be satisfied by the solution of these equations at {, = 0 are

P P (429)
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In addition we require that as {, — oo

W, ~ a0l + c°c‘°‘§ + 2a0A(E*X .
249 (42.10)
s ~A0§2+£2°—“—'—cﬁ§ + 240A(EF),,
0

in order to effect a match ‘with the main deck. Also, as £* - —oo, the lower-deck solution will
match the oncoming flow provided that

v, ~afn2(—s*)% + 5"-2(—5*)%' Fm),
(4.2.11)
s n*(— E*) 4+ AoCols

0CoC1 *
o ST —£%) " g(n),
where f, g and 7 are as in equation (4.1.5).

Now, since in (4.2.10) the displacement function A(£*) is undetermined, or in (4.2.8) the
pressure p, is undetermined, the solution for the lower deck cannot be completed independently
of the flow outside the main deck, i.e. in the upper deck. This we now consider.

(iii) The upper deck

The outflow from the main deck provides a disturbance which is larger than that associated
with classical boundary-layer theory and it is this which is responsible for the triple-deck inter-
action, The upper deck has length scales O (R '%) both parallel and normal to the wall and so in
this region, in addition to (4.2.1) we introduce a new normal co-ordinate

= R*(z/9). (4.2.12)
The outflow from the main deck is given, from (3.2), (3.3), (4.2.2),(4.2.5) and (4.2.12) as

SIS DL L
V;=—R%co()* A" —R -i— (42.13)

where the term O(R _%) in (4.2.13) arises, not from viscous effects, but from conical nature of

the inviscid flow.
In the upper deck the flow to leading order is inviscid and, since no vorticity is convected
into it, irrotational. It is convenient therefore to introduce a velocity potential ¢ as

L
=-’Q YR, 4. ..., , (42.14)
where ¢, satisfies A2¢, = 0 or invoking the slender nature of the flow
%9, | 3¢ _ (4.2.15)

a§*2
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where n* = rg* /2. The solution of (4.2.15) is required to vanish as n*? + {*2 - o and, on ¢* =0,
to satisfy

a0,
a*

== CO(‘%)%AI(Q"?*/’)’ (4.2.16)

from (4.2.13). Thus from (4.2.15), (4.2.16) we have

_ (231 e A (m* —ah)
b =co() o [ g gt (42.17)

Now, with V,, = 0¢, /9§* and, from the Euler equations, cdV,,/dn* = —dp, /0¢*, we may
calculate the perturbation pressure p, in the upper deck. In particular on {* = 0 we have

co? R4 = A M)dE*

P2 ()= —() LwW’ (4.2.18)
which, since the pressure is constant across the main deck, provides an expression for the pres-
sure when matched with the lower deck. A numerical solution for the fundamental problem
associated with the lower deck, that is (4.2.8),, (4.2.18) with (4.2.9), (4.2.10),,(4.2.11), has
been presented by Smith [7]. In this solution the flow separates smoothly from the surface in
contrast to the singular behaviour [10] which is typical of boundary-layer separation in a
prescribed pressure gradient.

The final stage of the analysis is to examine the flow beyond the triple-deck interaction
region, to ensure that our solution is consistent with that in the post-interaction region.

5. The post-interaction region

Downstream from the interaction region, where separation has taken place, the dominant
feature of the flow is the shear layer centred upon the vortex sheet of the inviscid flow. This
shear layer separates two regions in which velocities are O(1) and in that respect differs from
its counterpart in two dimensions which separates a region in which velocities are O(1) from
the ‘dead-air’ region associated with the separation bubble. There will, in addition, be aboundary
layer at the solid surface in which the inviscid velocity (2.3) is adjusted to zero. Both shear
layer and boundary layer are discussed on the scale § =0(1) in Section 5.1 below. Neither of
these regions match upstream with the triple-deck region and we argue in Section 5.2 that there
is an adjustment region in which £ =O(R _é—;) between the triple-deck and the emerging shear
layer and boundary layer. The situation is shown schematically in Fig. 2.

5.1 The shear and boundary layers

In the shear layer, which lies close to the boundary just downstream from separation as may be
seen from equation (2.1), we define co-ordinates &, {; where the former measures distance
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along the sheet and the latter is scaled as in (3.1) and is nominally centred upon the vortex
sheet, Note that to first order £ and £, are indistinguishable, and that the inviscid velocities
V., Vi and pressure gradient dp/d% between the vortex sheet and boundary are indistinguishable
from their surface values (2.3) when |£| < 1. In the separated part of the boundary layer we
can assume that the main-deck profile is the dominant feature, so that from (4.1.3)

ll/"’ao;: +01§3 +a3§‘: +..... s

(5.1.1)
S~AgS2 + A58 +.. ... .
In the shear layer we develop the solution of (3.4) as
ll/=£: fl(ﬂs)+5sf2(ﬂs)+f_: f3(ns)+ ----- ) (5'1.2)
1 2
s=£go(n) +E 28:(n) +EL(n)+. .. .. )
where
%
n=%/E .

In the expansions (5.1.2) the role of the various terms is readily identified. Thus g, is required
to match with the radial velocity (2.2); and so

£0(=)=0, go(—)=1. (5.1.3)

The next term in the series for s is required to match with the separated main deck so that, from
(5.1.1),(5.1.2),(2.3)

g1 ~Aon’ as n oo, g/(—o0)=0.
In (5.1.2), the leading term matches with the main-deck solution (5.1.1), so that
h ""1077: as n oo, f(==)=0, (5.1.4)

as does f, . The next term involving f; is required to match with the inviscid velocity V; in (2.3)
so that

! ' 4
f3()=0, F(—o0)= TS (5.1.5)

All the functions fi, g; satisfy ordinary differential equations of which the first pair are

L]
f1",+%f1f1"“ ‘;“fl =0’
m

gO + %flg,0'=0,
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with

fy ~agn® as oo, go(x) =0,
f1(0)=g0(0)=03 fll(_oo)=05 gol(—oo)z 1.

(5.1.6)

Also in this region, where £ = 0(1) with | £| € 1, a boundary layer will be established on the
surface z =0 appropriate to the inviscid surface velocity (2.3)1,2- As Smith [1] observes, with
the small favourable pressure gradient (2.3); and a slowly diverging external flow there is no
tendency for the boundary layer in this region to separate. We note that with the surface veloci-
ties as in (2.3) the boundaryayer equations (3.4) admit a separable solution. However we
report that the resulting ordinary differential equations have no solution for M <2 .04. We
take this to mean that forM =0, 1, 2 the boundary layer is not determined by local conditions
but depends upon the flow conditions away from the separation region under discussion.

The shearayer and boundary-layer solutions discussed in this section will not match satis-
factorily with the triple-deck solution of Section 4. This is most readily seen from a further
discussion of the shear-layer solution (5.1.2). Thus if we introduce the lower-deck length scales
(42.1) and (4.2.6) into (5.1.2), then we see that y =O(R _l*) as we require (see (4.2.7)) for the
lower deck. However introducing these same scales into (5.1.2), givess = O(R K ),not O(R '{:)
as is required by (4.2.7) if a match with the triple-deck is to be effective. The reason for this
mis-match is associated with the leading term of the expansion for s in (5.1.2),. Thus, the
analysis of Section 4.2 shows that the relatively small lower-deck velocity components parallel
to the surface are O(R '%) whereas the leading term in the expansion for s in (5.1.2), is specifi-
cally constructed to match an O(1) radial velocity as in (5.1.3).

It is clear that some transition region is needed if a match with the triple-deck region is to be
effected. This is the adjustment region labelled 3(iii) in Fig. 2 and is discussed below.

5.2. The adjustment region

To determine the scale of this adjustment region we first examine the viscous entrainment into
the shear layer centred upon the vortex sheet of the inviscid flow. From a knowledge of this
entrainment velocity we can then determine the magnitude of the correction to the inviscid
velocities in (2.3) due to viscous effects. Thus, from (3.3), and (5.1.2) we deduce that

1 -1 ,
V,~ 3880 — 3£ 80— £ (3fi - §nh) as g0

s

(5.2.1)

kY
3

-t gk

7 as { > —oo, where C=§,(—).

The leading term of (5.2.1) simply accommodates the expanding inviscid conical flow, the

second term is a measure of the viscous entrainment and, when (3.2) is used, shows that the
actual entrainment velocity is

OR#ES). (52.2)
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To assess the effect of this upon the other velocity components consider a control surface with
the vortex sheet as one side, the plane z =0 as one side with the remaining sides, the plane
£ = £, where 1> £, > 0 and the surface 7, ¥ + Ar = const. From (2.1) the height of this region

is OR%¢ ). Now consider the volume balance within this control surface. Into the vortex
sheet volume is entrained, from (5.2.2), at the rate

ORZE Ar). (52.3)

If the perturbation velocities parallel to the surface are AV, and AV respectively then the other
contributions to this perturbation volume balance are

OR™E* AraV),  OR™g* prdV)), (52.4)

respectively. Thus, for volume conservation we require
2.
6 6

L5
2 16 &6

AV, =OR" £°), AVE =0 *£°). (5.2.5)
From (2.3) we may now write, incorporating these perturbations
V,=1+AV,+ O(8),

(5.2.6)

4
= o+ AV + O
= garys F AT OE),

and we see from (5.2.5), (5.2.6) that as £ > 0 the supposed perturbation is comparable with the
‘main’ flow when

£=OF® ™). (52.7)
This, when combined with (2.1) and (3.1) to give

§{=0R “—7“), (5.2.8)
provides the scale for the adjustment region. Also, from (3.3) and (5.2.6) we have

v=0® "), s=0r%) (529)

If we adopt the scales (5.2.7) to (5.2.9) for the adjustment region and allow a subscript ‘a’ to
denote a variable appropriate to that region then viscous terms are negligible and from (3.4) we

have

_0’

3%t o) ae T e, age0,

2 3k,
(B ) e S s+ S e
2% 0/ 0%, af, k0%, 05, 8, di,

3 awa) a%s, , Ay 9%,

o, (5.2.10)
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The boundary conditions require

Vo(84,0)=5,(%,,0)=0, (5.2.11)

and also, as Ea —> oo,

o, 4 -5
3%, 15 e T OE),
2, (52.12)

—55._ ~1+0(Ea6):

a

in order to effect a match with (5.2.6). It will also be necessary for the solution in this region
to match, on

Nlw

Sa=Mg &y s (52.13)

L, . . .
where g, =R %y in (2.1), with the solution in the shear layer which separates the adjustment
region from the separating main deck. In this shear layer, whose continuance has been discussed
in (5.1.2), we have

2
D)

Vo= £ Fi(0y), g =CulED ) $ =RPS,, (52.14)

_1
and f; asin (5.1.2),. Further if in this shear layer we write s=R *5 then, as £ , > oo we have from
(5.1.2),

1 a2
S~y 8o(ng) +R¥Eg 8i(ng) + ... .. . (5.2.15)

where gg, &, are as in (5.1.2),. This leads us to write, for the shear layer associated with the
adjustment region

5= 5o(Eg $o) + OR ™)

where s, satisfies

oY, 3%y oY, 0%sg 935,
-k — 4+ 4 = s 5.2.16
%y 0% | By DEgdle | O, (5:2.16)

from (3.4),. The solution of (5.2.16) is required to match with the adjustment region as
£, —and also 3s0/9¢, > 0 as §, »>oo.

It now remains to consider how this solution for the adjustment region matches with the
lower deck in the triple-deck interaction region. The situation is little different at this point
from the two-dimensional case considered by Sychev [2], and so we require as £, -0
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Vo~ EIXMD), sa~Elo(ny), pu~ESF o,
ny=,JE3 (52.17)

The forms of ¥, s a, in (5.2.17),,, ensure that in the triple-deck reglon where §=0(R" s) ¥
and s are both O(R™ 4) as requ1red in the lower deck where $=O(R"~ 8) The functions x(n, ),
¢(n,) satisfy

2xx" + $x"* +5m =0,
(5.2.18)

" 11 P
-3ix¢ + T x9¢ =0,
where

x(0)=¢(0)=0, (5.2.19)
X)) =C, ¢()=D

where C = f;(—~) and D is a constant which will be determined from the solution of (5.2.16)
as £, > 0. The form of ¥ in (5.2.17); is the same as that adopted by Sychev [2] in the two-
dimensional case and has been shown by Smith [7] in his numencal calculations, to be appro-
priate.

This reconciliation of the adjustment region with the lower deck of the triple-deck inter-
action region completes a self-consistent description of the post-interaction flow.

6. Conclusions

In the preceding three sections we have shown how the inviscid solution, presented by Smith
[1], for the flow in the neighbourhood of a separation line on a smooth surface in a slender
conical flow can be embedded within a self-consistent high Reynolds number theory which it-
self is dependent upon the interaction ideas associated with triple-deck theory. In the proposed
slender, conical flow, with rapid changes perpendicular to the separation line predicted by the
inviscid analysis, it is not surprising that the essential features of the high Reynolds number
flow which emerge are closely related to those proposed for the two-dimensional case by
Sychev [2]. The main difference between the present work and the two-dimensional theory is in
the region downstream from separation. In the present case the open type of separation is such
that the line of separation divides the flow into regions in which the flow velocities are O (1).
By contrast in two-dimensional flow the separation line divides the flow into a region where
velocities are O(1) and, in the ‘dead-air’ region associated with the separation bubble, a region
in which velocities are very much smaller. Thus in the present case the flow structure immedi-
ately downstream from separation is more complicated than in two-dimensionai flow.
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